INTRODUCTION AND SUMMARY
The derivation of the laws of black hole mechanics and the observation that their horizon area behaves like an entropy [1] [2] [3] have both played a central role in recognizing the thermodynamic nature of black holes. A major challenge consists in going beyond the thermodynamic regime provided by classical (super)gravity theories and identify the microscopic degrees of freedom responsible for their enormous entropy, possibly paving the way towards a quantum theory of gravity. Many fruitful steps have been taking towards this objective -with or without string theory-starting with [4] [5] [6] , where the derivation essentially relied on the presence of an AdS 3 factor and on the application of the Cardy formula to its associated two-dimensional conformal symmetry [8] . It is now believed that the derivation is much more general and should apply to a wider class of black hole solutions, including astrophysically relevant ones [7] .
While the geometric quantity associated with black hole entropy seems naturally to be the outer horizon, there have been indications towards the relevance of black holes inner horizons. The first hint comes from the fact that for any asymptotically flat black hole admitting a smooth extremal limit, the product A + A − of the inner and outer horizons' areas seems to depend only on the quantized charges and is independent of the mass [9] (see also [10] [11] [12] [13] [14] ). Another intriguing feature put forwards recently [12] (see [15, 16] for related observations in the Kerr black hole) is the fact that inner horizons seem to enjoy their own first law, in the form
where the intensive quantitites are computed at the inner horizon. While the implications of this relation are still unclear, it has been checked for a fair amount of examples for Einstein gravity coupled to matter fields, for asymptotically flat black objects in 5 dimensions, including black strings and black rings [12] . One might wonder if a similar relation holds for higher derivative gravity theories, for which the First Law for the outer horizon holds in all known situations, and for black holes with different asymptotics. We investigate the properties of inner horizons of various black holes in a simple higher derivative theory in three dimensions, Topologically Massive Gravity (TMG) [17] . We consider BTZ, Warped AdS 3 and Warped dS 3 black holes, showing that the observations of [12] naturally extend in this context. The latter case demonstrates that the reasoning is also applicable to solutions with both a cosmological and a black hole horizon. We compute the product of the inner and outer entropies and observe that the product does depend on the mass, and is therefore no longer quantized. We note that the mass dependance originates from the diffeomeophisms anomaly of TMG, proportional to the differences of the central charges [18] . We comment on the extension of these results to generic three-dimensional higher-derivative theories, in particular New Massive Gravity [19] .
WARM-UP: BTZ BLACK HOLES IN PURE GR
Consider the BTZ metric [20, 21] 
where φ is an angle and
the black hole horizons being given by
The thermodynamic quantities can be computed to be (the superscript "+" refers to the outer horizon):
satisfying the first law
The entropy can be written as
where
2G are the Brown-Henneaux central charges in pure GR and
are related to the periods of the identification Killing vector leading to the BTZ black holes from AdS 3 and are interpreted as the right and left moving temperatures of the dual CFT [22] . At the inner horizon, we have
satisfying
in agreement with [12] . The inner horizon is expressed in terms of the left and right-moving temperatures as
The Hawking tempatures of the inner and outer horizons moreover satisfy
INNER MECHANICS IN TMG
Topologically massive gravity (TMG) [17] is described by the following action:
The gravitational Chern-Simons term I CS is given by
where G is the Newton's constant, Λ = ±1/ℓ 2 the cosmological constant with ℓ the (A)dS 3 curvature and µ is the Chern-Simons coupling which can be taken positive without loss of generality.
The equations of motion for TMG with a cosmological constant are given by
is the Cotton tensor and ε µνρ is the Levi-Civita tensor. The above theory is known to have a rich set of vacua [23] [24] [25] [26] [27] which have appeared in various recent applications of the gauge/gravity duality such as Kerr/CFT [7] and Holographic Condensed Matter [28, 29] . Because the theory is higher-derivative, the Bekenstein-Hawking entropy is no longer given by the area of the horizon, but can be computed for any general-covariant using Wald's formula [42] . For TMG, the corrected entropy was computed in [18, [30] [31] [32] [33] , taking into account the fact that the Lagrangian is diff-invariant only up to a boundary term. Writing the black hole metric in ADM form:
the TMG entropy reads
evaluated at the Cauchy horizon (r + or r − ).
The conserved charges associated with exact Killing vectors ξ of the black hole solutions will also be modified with respect to their expressions in pure GR, and are given by
where the explicit form of the 1-form k µν ξ can be found in eq. (7) of [34] . In this expression, δg typically is of the form δg = (
µ dx ν , where r ± are the horizons of the black hole. Then δQ ξ simply computes the infinitesimal charge difference between solutions with parameters (r + , r − ) and (r + + dr + , r − + dr − ), i.e. δQ ∂t ∼ dM and δQ ∂ φ ∼ dJ. All charges in the next sections are computed using this definition and [35] .
BTZ black holes
For Λ < 0, TMG admits BTZ black hole solutions with entropy
i.e. it depends on the inner horizon. It can still be written in the Cardy form (12) in which the Brown-Henneaux central charges for TMG are [36, 37] c L/R = 3ℓ
The entropy associated with the inner horizon can similarly be computed to be
which also satisfies (12) . The inner Hawking temperature and angular velocities are the same as in (10) , while the mass and angular momentum become:
where the subscript "T" refers to the TMG charges and not the original BTZ parameters (5). It is then easy to check that
still holds in TMG. The product of the inner and outer entropies is given by
and therefore depends on the mass of the black hole. In pure gravity however (µ→∞), we find it only depends on the angular momentum. This can be made more transparent in writing
where E L/R are the left and right-moving energies:
related to the ADM charges by
We see from (27) that the mass dependence of the product of the areas is rooted in the diffeomorphism anomaly c L − c R of TMG.
Spacelike Warped Black Holes
The spacelike warped black holes have the following metric [25] (we set ℓ = 1):
Their ADM charges are (there is a sign difference in J w.r.t. to [25] )
The Hawking temperature, angular velocity and entropy at the outer horizon were computed in [25] and shown to satisfy the First Law. TMG with Λ < 0 and spacelike warped boundary conditions was conjectured to be dual to a 2d CFT with central charges (ν := − µ 3 , we'll consider ν > 0 without loss of generality)
Spacelike warped black holes are obtained as quotient of global spacelike W AdS 3 , allowing one to identify left and right-moving temperatures as
The Bekenstein-Hawking entropy associated with the outer horizon can be written as
At the Inner Horizon, the Hawking temperature and angular velocity are
while the entropy can be computed to be
and written as
Note that S − is obtained by simply exchanging r + and r − in S + . The Inner First Law
is again satisfied.
The product S + S − is given by
where the left and right-moving energies are defined from the left and right-moving temperatures and given by [25] 
This can be rewritten is a slightly different way as
We again see that the mass dependence of the product of the areas originates from the diffeomorphism anomaly.
Warped de Sitter Black Holes
Warped de Sitter black holes were first obtained in TMG with Λ > 0 in [23, 24] , and subsequently discussed in [27, 30] . Their holographic interpretation was discussed in [40] . The metric reads
The TMG parameter ν is restricted to the range ν 2 < 3 (for ν 2 > 3, we recover the W AdS 3 black holes [27] ). An interesting feature of these spaces is that they exhibit both a black hole and a cosmological horizon located at −r h and r h respectively. The corresponding left and right temperatures read [27, 40] 
As already noted in [40] , the entropies of the cosmological and black hole horizons can be written as
in agreement with the previous observations. The first law of thermodynamics was shown to be satisfied for the cosmological horizon,
and one can check that a similar relation holds for the black hole horizon:
where the charges, Hawking temperature and angular velocity at the cosmological horizon have been computed in [40] . The intensive variables at the black hole horizon are
As in (44) , the product S c S BH depends on E L because c L = c R , hence depends on the mass since E L ∼ δQ ∂t and E L − E R ∼ δQ ∂φ as for the Warped AdS 3 black holes.
COMMENT ON NEW MASSIVE GRAVITY
Another unitary higher-derivative 3d gravity theory has attracted much attention recently, extending the Einstein-Hilbert term by a parity-preserving fourth-order term. Its action is
. This theory admits BTZ as well as Warped black holes as solutions. The thermodynamic quantities have been computed in [38] . For BTZ, the mass, angular momentum and entropies are renormalized by the same factor (depending on m and Λ) with respect to their pure GR expressions. Since T ± and Ω ± are unchanged, the Inner First law and the fact S + S − depends only on J trivially holds. This can actually be extended to a general diffeomorphism-invariant theory of gravity. It was shown in [39] that for a general diff-invariant Lagrangian of the form f (R µν , g µν ), the entropy computed using Wald formula [42] only gets renormalized by a factor g µν ∂f ∂Rµν with respect to its pure gravity expression (note that this is not true in TMG). On the other hand, the first law associated with the outer horizon is supposed to hold for general f [43, 44] . This means that M and J must be renormalized accordingly, hence both statements -Inner First law being satisfied and S + S − independent on M -generalize. This can also be noticed by remarking that the outer and inner horizon entropies are still given by (8) , (12) with [45] 
while the dependence of T L/R and E L/R on the ADM charges M and J is the same as in pure GR up to a factor [39] . For Warped AdS 3 black holes, one cannot connect to the pure gravity computation, since these are not Einstein backgrounds, nor are the central extensions known for a general higher-derivative theory (Warped black holes don't have constant curvature). For New Massive Gravity however, using the explicit expressions of the charges computed in [38] , one finds that the inner first law holds and that S + S − is independent of M , in agreement with (44) .
